A family of sets is said to be intersecting if every pair of sets in the family have non-empty intersection. In this paper, we initiate the study of intersecting non-uniform families of sets of one of two sizes containing given subfamilies. For a set X and integer r, let X r denote the family {A ⊆ X : |X| = r}. Let a, b, and n be positive integers such that a < b. We determine the maximum size of an intersecting family in
X r denote the family {A ⊆ X : |X| = r}. Let a, b, and n be positive integers such that a < b. We determine the maximum size of an intersecting family in whenever n > b. For n sufficiently large, we also determine the maximum size of an intersecting family in whenever 3n > 2b and b > a + 2. Our results are, in some sense, best possible. Our methods include the use of Katona's shadow intersection theorem and a recent diversity theorem of Kupavskii and Zakharov.
Introduction
A family A of subsets of [n] = {1, . . . , n} of is said to be intersecting if A∩A ′ = ∅ whenever A, A ′ ∈ A , and is said to be trivial if every member of A contains some fixed element of [n] . For a set X, the family {A ⊆ X : |A| = r} is denoted X r . For a pair of integers a and b, let [a, b] = {a, . . . , b}. For a positive integer k, a family is said to be k-uniform if every member of the family has size k.
One of the oldest and most fundamental results in extremal set theory is the Erdős-Ko-Rado (EKR) theorem, which bounds the size of an intersecting family of sets of equal size.
EKR Theorem (Erdős, Ko, Rado [1] ) Let n ≥ r ≥ 1, and let A be an r-uniform intersecting family of subsets of [n] . If n ≥ 2r, then
and, if n > 2r, then equality holds only if A is trivial.
Extensions of the EKR theorem abound in the literature. Of particular relevance to this paper, some such extensions are concerned with intersecting families where the underlying ground set is partitioned into disjoint parts and each set in the family satisfies some conditions with respect to the parts. For instance, suppose that the ground set X = {1, . . . , n} is partitioned into disjoint parts X 1 , . . . , X p , k 1 , . . . , k p are given integers, F is an intersecting family, and each set in F has at least k i elements in common with X i . Then the problem of determining the size of F was considered and settled by Frankl [3] . Extending Frankl's result to non-trivial intersecting families was recently accomplished by Kwan, Sudakov and Vieira [8] . Katona [6] also obtained an extension of Frankl's result by determining the maximum size of an intersecting family F where X is partitioned into two disjoint parts X 1 and X 2 and (k 1 , ℓ 1 ), . . . , (k m , ℓ m ) are given pairs of positive integers such that |F ∩ X 1 | = k i and |F ∩ X 2 | = ℓ i for each F ∈ F and some 1 ≤ i ≤ m. Another version was obtained by Wang and Zhang [9] by determining the maximum size of an intersecting k-uniform family whose members each have least r elements in common with a given subset of the ground set.
In this paper, we continue this line of research by initiating the study of non-uniform families whose sets have one of two sizes and are either subsets of a given subset of the ground set or are subsets of the ground set itself. More precisely, the following two theorems are established. Theorem 1. Let k, ℓ and n be positive integers, ℓ < k, and let A be a maximum size intersecting family in
. Then A is trivial if n > k. Moreover, A is non-trivial if n = k and ℓ > n/2. Theorem 2. Let k, ℓ and n be positive integers, ℓ + 3 ≤ k, and let A be a maximum size intersecting family in
Then A is trivial if 3n > 2k, provided n is sufficiently large. Moreover, A is non-trivial if 3n = 2k, k = ℓ + 3 and n is sufficiently large.
Our proof methods include the use of Katona's shadow intersection theorem [5] and a recent diversity theorem of Kupavskii and Zakharov [7] . We remark that our use of Katona's theorem is an easy adaptation of Frankl and Füredi's proof of the EKR theorem [4] .
We also remark that it is highly likely that the bound k ≥ ℓ+3 in Theorem 2 can be improved to k > ℓ. As we wished to emphasise the approach rather than the result, we preferred to keep the proof as simple as possible. It would be interesting to have a more direct proof of Theorem 2. One way is to consider the more difficult problem of bounding the size of an intersecting family in
. In this light, we pose the following conjecture which, if true, can be verified to imply Theorem 2.
Conjecture 1. Let ℓ and n be non-negative integers, 3n > 2ℓ. Then the maximum size of an intersecting family F ∈
is achieved by taking F to be trivial, provided n is sufficiently large.
The organisation of the paper is as follows. The proofs of Theorems 1 and 2 are given in, respectively, Sections 3 and 4. In Section 2, we shall gather some of the tools that will be used in proving our theorems.
Preliminaries
This section contains the tools that will be useful for the immediately following two sections. Let F be a family of sets, and let s be a non-negative integer. The s-shadow of F is denoted ∆ s (F ) and defined as
We will need the following lower estimation on the shadow due to Katona [5] .
Lemma 1 (Katona [5] ). Let a, b, g be non-negative integers, and let A ⊆
The diversity family D(F ) ⊆ F is then given by
We will also need the following result of Frankl [2] , recently proved in a stronger form by Kupavskii and Zakharov [7] .
Lemma 2 (Frankl [2] ; Kupavskii and Zakharov [7] ). Let n > 2r, and let
Proof of Theorem 1
In this section, we prove Theorem 1. Throughout this section, let n, k, and ℓ be non-negative integers, k > ℓ, and let X = [2n] and X 1 = [1, n]. The first lemma is straightforward to establish.
Lemma 3.
The maximum size of a trivial family in
is, using the convention
The proof of Theorem 1 follows from the next two lemmas, which form a case distinction.
Lemma 4. Let k, ℓ and n be positive integers, ℓ < k, and let F be a maximum size intersecting family in
Proof. Let F be an intersecting family in
, and let G be a trivial intersecting family in
of maximum size. We must show that |F | ≤ |G | and equality holds only if
by the EKR theorem, it follows by Lemma 4 that |F | < |G | as required.
So we can assume from now on that v ∈ X 1 . Define the families B(v) = {v ∈ B : B ∈ B} and B * = B \ B(v). We distinguish two cases.
Case 1: D(A ) = ∅. Then A is a trivial family. Notice that the family
Note that A ′ and ∆ k−1 (E ) are both subsets of
. Moreover, each set in ∆ k−1 (E ) does not intersect some set in B * and so certainly A ′ ∩ ∆ k−1 (E ) = ∅. Hence,
Combining (1) and Lemma 6:
with equality only if B * = ∅ and hence, as n > k, only if F = G by the EKR theorem. This completes Case 1.
Case 2: D(A ) = ∅. We apply Lemma 2 with u = k to A to obtain
and, as n > k > ℓ, we find that
which completes the proof of the lemma.
Lemma 5. Let k, ℓ and n be positive integers, ℓ < k, and let F be a maximum size intersecting family in
. If n = k and ℓ > n/2, then F is non-trivial.
Proof. We describe an intersecting family F that is larger than a maximum size trivial intersecting family G . Let A ⊆ 
Proof of Theorem 2
In this section, we prove Theorem 2. Throughout the rest of this section, let n, k, and ℓ be non-negative integers, k > ℓ, and let X = [3n], X 1 = [1, n], X 2 = [n + 1, 2n] and X 3 = [2n + 1, 3n].
Lemma 6. The maximum size of a trivial family in
Proof. Let G be a trivial family in
X−X i ℓ of maximum size. We can assume without loss of generality that every member of G contains some fixed element of X 1 . Define a partition:
, and |A | = 3n−1 k−1 , which implies the lemma.
The following technical estimate will be useful.
Lemma 7. Suppose 3n > 2k, n is sufficiently large and u is a real such that
Before giving its proof, First we recall some notation. For functions f = f (n) and g = g(n), we write
• f = Ω(n) if there exists a positive constant c and an integer n 0 such that, for all n ≥ n 0 , f /n ≥ c;
• f = o(1) if, for every ǫ > 0, there exists n 0 such that, for all n ≥ n 0 , f ≤ ǫ;
We also recall the well-known estimate
whenever x = Ω(n), where h(p) = −p log(p) − (1 − p) log(1 − p) is the binary entropy function.
Proof of Lemma 7. We distinguish two cases.
Case A: k < n. We compute
where the inequality follows from
for each x > y > i ≥ 1. Hence
Case B: 3n/2 > k ≥ n. Suppose first that 2u > k. Then
where the first inequality follows from the fact that the ratio of products is minimized by taking k to be maximum. Hence
Suppose next that k ≥ 2u. Then
which in turn implies
If we can show that
for some constant ǫ > 0, then from (3) and (4) 3n
and we are done. It only remains to establish (4).
. Note also that u ≤ 3n/4 since otherwise we can apply the first subcase of Case B. Thus
and, as 3n/2 > k ≥ n, it follows that
. By (2),
for some constant ǫ > 0. This proves (4) and thus the lemma.
The proof of Theorem 2 follows from the next two lemmas, which form a case distinction.
Lemma 8. Let k, ℓ and n be positive integers, ℓ + 3 ≤ k, and let F be a maximum size intersecting family in
Then F is trivial if 3n > 2k, provided n is sufficiently large.
of maximum size. We must show that |F | ≤ |G | and equality holds only if F = G .
We partition
By symmetry, we can assume without loss of generality that v ∈ X 1 . We define the families B *
We distinguish two cases. The family
is (3n − 1 − ℓ)-uniform and of the same size as B * . Let us try to bound the size of E ∩ E ′ for all E, E ′ ∈ E . For any pair B, B ′ ∈ B * , we know that B and B ′ intersect so |B ∪ B ′ | ≤ 2ℓ − 1. The elements of X − v that are not in B ∪ B ′ are members of both E = X − v − B and E ′ = X − v − B ′ and there are at least 3n − 1 − (2ℓ − 1) = 3n − 2ℓ of them. We apply Lemma 1 to B * with a = 3n − 1 − ℓ and b = 3n − 2ℓ:
Let A ′ = {A − {v} : A ∈ A }. Note that A ′ and ∆ k−1 (E ) are both subsets of
Combining (5)-(6) and Lemma 6:
with equality only if B * = ∅ and hence, as 3n > 2k, only if F = G by the EKR theorem. This completes Case 1. Case 2: D(A ) = ∅. Let 3 ≤ u ≤ k be a real as small as possible such that
and assume, without loss of generality, that D(A ) has maximum size (that is, we cannot add a subset of X − v of size k to D(A ) without violating the intersection property of F ).
We have the following claim.
Lemma 9. Let k, ℓ and n be positive integers, and let A be a maximum size intersecting family in
X−X i ℓ . If 3n = 2k and k = ℓ + 3, then A is non-trivial for n sufficiently large.
Proof. We must describe an intersecting family A that is larger than a maximum size trivial intersecting family G . Let A ′ ⊆ X k be a family of
sets of size k obtained by considering each complementary pair and choosing the one that contains at least half the elements of X 1 , or, if they each contain half the elements in X 1 , choosing one arbitrarily. For i = 2, 3 let A i ∈ X−X i ℓ such that each member of A i contains more than half the elements of X 1 . Since 2k = 3n and k = ℓ + 3, the only sets that are not members of A 2 (respectively, A 3 ) are those sets that contain either all, n − 1, n − 2 or n − 3 members of X 3 (respectively, X 2 ). Therefore
On the other hand, . So A = A ′ ∪A 2 ∪A 3 is an intersecting family that, by Lemma 6, is larger than G , as needed.
